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Problem 1 (Text problem 4.39) A pendulum with time-varying friction
is represented by

&1 = X9, @9 =—sinz; — g(t)xs

Suppose that g(t) is continuously differentiable and satisfies
0<a<a<glt)<pB<oo and §(t) <y <2
for all ¢ > 0. Consider the Lyapunov function candidate
Vit,z) = %(a sin@y + x2)% 4+ [1+ ag(t) — a®)(1 — cos ;)
(a) Show that V (¢, x) is positive definite and decrescent.

V(t,z) >

N

(asinzy + x2)% + [1 + a® — a®](1 — cos 1)

1
Vit,z) > §(asinx1 +29)? 4 (1 — cosx;) = Wy ()

(1 — cosxy) > 0, therefore Wi (x) is positive definite.

Vit,z) <

N | =

(asinzy + 22)% + [1 4 af — a®](1 — cos 1)

1

Vit,z) < 5 (asinz; 4+ 22)% + [1 +a(B — a)](1 — cosz1) = Wa(x)

Wa(z) is positive definite because § > a. Therefore Wi(z) < V(z,t) <
Wa(z) and thus V (¢, z) is positive definite and decrescent.

(b) Show that V < —(a — a)x? — a(2 — v)(1 — cosz1) + O(||z||*), where
O(||x||?) is a term bounded by k||z||> in some neighborhood of the origin.

V(t,z) = ag(t)(1 —cosz1)+ [(asinz; +z2)(acosz1) + (1+ag(t) —a?)(sinz )]iy

+(asinzy + x2)do

ag(t)(l —coszy) + a’ry sinxq cos Ty + ax% cos 1 + xosinxy + ag(t)rg sinxy



—a’zysing; — asin® x; — xosinz; — ag(t)ry sine, — g(t)x3
= ag(t)(1—cosz1)+a’xy sin 2 cos x1 —a’zy sinx; —a sin? zq +ax3 cosxy —g(t)rs
az?cosx — g(t)xs < alzy|? — g(t)z3 < axl — ard < —(a — a)x3
= V(t, x) = ag(t)(1—cos m1)+a2x2 sin 1 cos z1—a%xs sin 1 —a sin? ml—(a—a)aﬁg
—a’zysinay — asin?z; = —asina, (axe —sinxy) < —2a(l — cosxq)
O||2®|| := a*xy sinzy cos
=V < —(a—a)x2 —a(2—7)(1 - cosxz) + O(]|x]|?)
(c) Show that the origin is uniformly asymptotically stable.
V < —(a—a)e3 —a(2—7)(1 - cosz1) + O(||z]*) (1)
a<a= —(a—a)rd <0
vy<2=—a(2—7)(1—coszy) <0

In addition, the first two terms of (1) dominate O(||z|®) near the origin;
combined with (a) this shows that the origin is uniformly asymptotically stable.

Use Matrosov’s theorem to show that the condition given on ¢(¢) is not
needed for uniform asymptotic stability.
I will choose Vi (z) = § (2% + x3), therefore

< VVi(x), f(z,t) >= 2141 + x92y = 122 — Tosinzg — g(t)x%

1 1 1 1
< VVi(a), f(2,t) >= S(az] + —13) — S (egsin’z1 + —a3) — g(t)a5
2 €1 2 €2
I will choose €1 = €5 = ¢, yielding
€ 2 .2 2
<TVile), fl1) >= 5 (o — sin® 1) — g(1)
In a neighborhood of the origin z; = sin x;, therefore
< VVi(2), f(z,t) >= —g(t)a3 <0
I will choose Va(x) = zqx2, therefore
< VVa(z), f(x,t) >= 25 — 21 sinzy — x19(t) 20

In a neighborhood of the origin z; = sin x;, therefore

< VVa(z), f(z,t) >= 235 — 2} — z19(t)22



When V; =0 = 20 =0 =V, = —x2 <0, therefore by Matrosov’s theorem
the origin is uniformly asymptotically stable.

Problem 2 (Text problem 4.42) Consider the system
i = —all, + S(x) + 22Tz

where a is a positive constant, I,, is the n x n identity matrix, and S(x)
is an x-dependent skew symmetric matrix. Show that the origin is globally
exponentially stable.

I will choose Vi(z) = x?, which is bounded by 1||z[|* < V(z) < 2=/
Therefore

< VVi(z), f(z) >= —2zTa[l, + S(z) + zz’ ]z = —2a2? — 22T S(z)x — 2ax*
= —2az*—(ax’ S(x)z+ax’ ST (x)x)—2ax* = —2ax*—(az” (S(x)+S7 (x))x)—2ax*
Because S(z) is a skew symmetry matrix, S(z) + ST (z) = 0, therefore

< VVi(2), f(z) >= —2ax® — 2az*< —2al|x||?

Therefore the origin is globally exponentially stable.

Repeat this problem with the coefficient a taken to be a nonnegative, time-
varying parameter that is uniformly bounded and ”persistently exciting”, i.e.,
there exists T' > 0, € > 0, ¢ > 0 such that

t+T
e < / a(r)dr <o
¢

Establish uniform global exponential stability using:
1. a comparison theorem
From above I have that

Vi(z) < =2||z|* = —2v
I will choose @ = —2a(t)u, therefore
= u(to)effto —2a(r)dr
From above I know that f:o —2a(1)dT < —2¢(t — 1p), therefore
u < u(ty)e2(tto)
By the comparison theorem I have that
V < V(tg)e 2t

Also, V =22 = |z| = vV so

()] < Va(to)e ")



Because |z(t)| is bounded by a class KL function and the conditions hold
globally the system is globally exponentially stable.

2. a Lyapunov function.

From above I have that V;(z) = 22, Vi(z) < —2a(t)z>. T will now select a
second function Va(z,t) = — [ e~ 72a(t)x?dr, therefore

Va(z,t) = a7 (- /too e~ 2a(t)dr)z = T P(t)x, P(t):= — /toO e' =T 2a(t)dr

% + %SE = Vao(z,t) + 2a(t)x2 + 2ITP(t)(—a(t)[In + S(x) + CL’JZT])x

From above I know that —2x7 a(t)[I,,+S(z)+zz’]z < —2a(t)||z||?, therefore
Vy OV

. 2 _ 9. T
T + 5 L S Va(z,t) + 2a(t)z® — 22" P(t)a(t)x

Because a(t) is uniformly bounded, I can choose some constant M > 0 such
that

|/ =720 (t)dr| < M/ =T < M
t t

= % + %x <z P(t)x 4 2a(t)x? + 227 Ma(t)x

Also, "persistency of excitation” implies that f;‘_T 2a(T)dT > 2¢, therefore

o 4T
P(t) = —/ e'"T2a(t)dr < —/ e T2a(t)dr < —2ee™"
¢ t

oV, OVa
= a—; + a—;x < —2ee”Ta? + 2a(t)z? + 227 Ma(t)x

I will no select a third function V3(x,t) = Vi(x)+ pVa(x,t), p > 0, therefore

oVs 0V,

5 + B < —2a(t)z? — 2peeTa? + 2pa(t)x® + 2pMa(t)z?
x

% + %i < —2a(t)a? — 2pee” " a? + 2p(1 + M)a(t)z?
X

I will choose p = m, therefore

oVs  0Vs . 9 1 o9 1 T 2
— = —Cr < — e — < -2—
ot * oz = a(t)e 2(1—|—M)66 = 2(1—|—M)Ee *
1
2, L7
= Vs(z,t) =z +2(1+ )x P(t)x

From the information given above and using similar arguments to bound
P(t) from before I have that P(t) > —20e~7T.

= (L+ gy (200 R < Vale t) < (14 5 (<2 e



therefore V3(x,t) is a Lyapunov function that shows the exponential stability
of the origin.

Problem 3 (Text problem 4.44) Consider the system
B = —x1 + 20 + (22 +22)sint, dp = —x1 — 29 + (27 + 23) cost

Show that the origin is exponentially stable and estimate the region of at-
traction.
I will choose V(z) = % (2% 4 23), which satisfies 3|[z||> < V(z) < 3|[=|[

V(z) =< VV(x), f(t,x) >= z141 + T2d2
TN 2 2 2y 2 2 2
V(z) = —2] + z129 + 21 (2] + 25) sint — z1x9 — x5 + xo(x] + 235) cost

. 1 1 . 1 1
V(z) < —a? — 22+ i(ele + E—(x? + 22)%sin?t) + 5(6293% + :(x% +22)2 cos® t)
1 2

Choosing €; = €5 = 1 yields

. 1 1
V(z) < =5 (a1 +a5) + 5 (2] + 25)°

: 1 1 1
V(@) < =5 ll=l* + 5 ll2ll* = =5 (U + [l

< "2

Choosing a k such that k < 1 and k := @ = k > 0 it follows that inside
the ball ||z]| <1 )
V(x) < —k][x||?

Therefore the origin is exponentially stable. My estimate of the region of at-
traction is the ball where the above conditions hold, which is [|x|| < 1. Outside
of this ball the higher order positive terms dominate V(x).

Problem 4 (Text problem 4.45) Consider the system
1= h(t)ey — g(t)af, 2= —h(t)z1 — g(t)a3

where h(t) and g(¢) are bounded, continuously differentiable functions and
g(t) > k>0, for all t > 0.

(a) Is the equilibrium point z = 0 uniformly asymptotically stable?

I will choose V (z) = % (2} 4 x3), therefore

< VV(I)7 f(tvx) >= -Tll:l + $2‘T'2

= w1h(t)zs — g(t)2} — w2h(t)zr — g(t)25 = —g(t) (27 + 23)< —k(x] +x3)

Therefore the origin is uniformly asymptotically stable.
(b) Is it exponentially stable?



The Lyapunov function from (a) does not meet the requirements for expo-
nential stability. I will now check what a linearized version of the system is
doing at the origin:

af _[-3g(t)xf (1) }:[ 0 h(t)]
Ox —h(t)  —3g(t)z3 —h(t) O

Using the Lyapunov function from (a) on the linear system yields:
< VV(x), f(t,x) >= 1121 + T2Xo = —.Z‘lh(t)l‘g + x2h(t)x; =0

Near the origin the linear system will dominate the solutions, and the above
calculation shows that there are surfaces on which the linear system holds con-
stant. I know the nonlinear systems is uniformly asymptotically stable from (a),
but the above calculations on the linear version of the system at the origin im-
ply that the nonlinear system does not converge fast enough to be exponentially
stable.

(c) Is it globally uniformly asymptotically stable?

V() from (a) is radially unbounded, therefore the system is globally asymp-
totically stable.

(d) Is it globally exponentially stable?

Global exponential stability is a stricter requirement than exponential stabil-
ity, and in (b) I showed that the system is NOT exponentially stable. Therefore
the system is not globally exponentially stable.

Problem 5 (Text problem 4.48) Consider two systems represented by
= f(z) and & = h(x) f(x) where f : R®™ — R™ and h : R" — R are continuously
differentiable, f(0) = 0, and h(0) > 0. Show that the origin of the first system is
exponentially stable if and only if the origin of the second system is exponentially
stable.

Corollary 1 (Text Corollary 4.3) Let =0 be an equilibrium point of the non-
linear system & = f(x), where f( ) is continuously differentiable in some neigh-
borhood of x = 0. Let A = 8 (O) Then, x = 0 is an exponentially stable
equilibrium point for the nonlinear system if and only if A is Hurwitz.

Starting with the assumption that f(z) is exponentially stable, defining A :=
%(O) from corollary 1 I have that A is Hurwitz. I will define B as

B = h(0) 2L (0) + 52(0)(0) = h(0) 22 (0) = h(0)A

From above we know that A is Hurwitz and that h(0) is a positive scalar,
therefore B is also Hurwitz. Therefore, by corollary 1, if f(z) is exponentially
stable then h(x)f(z) is exponentially stable.

To show that this is an if and only if condition T must show the reverse (that
is, if h(zx)f(z) is exponentially stable then f(z) is exponentially stable). I will
start with the assumption that h(z)f(z) is exponentially stable. I will define

0)£(0) = h(0) 2L (0)

A=h0) 2 0)+ 2 o

Oz



Defining B := %(O)7 I have that A = h(0)B. A is Hurwitz (by corollary
1) and h(0) is a positive scalar, therefore B must also be Hurwitz which (by
corollary 1) implies that f(x) is exponentially stable.

Therefore f(x) is exponentially stable if and only if h(z) f(z) is exponentially

stable.

Problem 6 (Text problem 4.53) Consider the system @ = f(¢,2) and
suppose there is a function V(¢,x) that satisfies

Wi(z) < V(t,z) < Wa(z), V|z||>r>0

ov oV
- + > >
() <0, Vel 2y 2y

where Wi (z) and Wa(x) are continuous, positive definite functions. Show
that the solutions of the system are uniformly bounded. Hint: Notice that
V(t,x) is not necessarily positive definite.

In the domain D : {z € R"|||z|| > 7 Vr > 0} V(x) is decrescent and V (t, ) <
0, therefore the solutions are uniformly bounded outside of an arbitrarily small
neighborhood of the origin. Since D is arbitrarily close to the origin, for any
€ > 01 can find a 6 > 0 such that if ||z(to)|| < ¢ then ||z(t)|| < €, therefore the
system is uniformly stable.



